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In this paper, a few separation properties and some aspects of subspace fuzzy 
topology have been studied, where both the crisp and the fuzzy elements have been 
taken into consideration. Since the conventional definition of compactness is not 
quite meaningful in Hausdorff fuzzy spaces (as introduced by us), a new more 
natural definition of proper compactness is given and a few properties resulting 
from this are established. 
1. INTRODUCTION 
After Zadeh introduced the concept of fuzzy sets in [Ill, Chang [l] 
developed the theory of fuzzy topological spaces, based on Zadeh’s concept. 
From then on, quite a number of research papers have been published 
dealing with various aspects of such spaces. In [5], Gantner, Steinlage, and 
Warren have defined the Hausdorff separation axiom as well as subspace 
topology for only crisp points and crisp subsets of fuzzy spaces. In [4] 
again, subspace topology has been defined by Foster for fuzzy subsets as 
well. 
In the present paper, we have defined the Hausdorff separation axiom as 
well as some of the other separation axioms by taking the fuzzy elements 
also into consideration. It is seen that the definitions given in [5] essentially 
agree with these in the crisp case. Since the definition of compactness in [l] 
is not quite meaningful in our Hausdorff spaces, we have defined proper 
compactness and have shown that in a Hausdorff space (i) properly compact 
sets as well as sets of finite supports are closed and (ii) supports of properly 
compact sets are finite, if the countable union of closed sets is closed, in 
addition. 
In this connection we recall that Hutton [8] also has defined separation 
axioms in fuzzy topological spaces, but his approach is entirely different 
from what we have adopted here. 
F-k spaces have been defined in terms of subspaces (as in general 
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topology) and hereditariness of some of the separation properties are 
established, where Foster’s [4] definition of subspace topology has been 
followed. 
A few examples have been provided to indicate differences between fuzzy 
topology and ordinary topology. 
2. PRELIMINARIES 
In this section, we give a few definitions valid in fuzzy spaces, while some 
others are included in the relevant sections. For those not given anywhere, 
we refer the reader to [ 1] as well as [lo]. 
Let X be a set of points {x: x E X}. A fuzzy set A in X is characterised by 
a membership function ,u,., from X to [0, 11, while a real subset of X (also 
called a crisp set) is identified with its characteristic function. 
A fuzzy point or a fuzzy singleton p in X is a fuzzy set with membership 
function ,uP, defined by, 
P,(X) = Y for x=x0 
=o otherwise 
where y E (0, 1). x0 is called the support of p and y its value. 
Also, p is in a fuzzy set A or p E A if and only if 
&7(x0) < P&0). 
A real point x1 is called a crisp point and is identified with its charac- 
teristic function. x, belongs to the fuzzy set A if 
PA(XI) = 1. 
By points (subsets) of X, we mean both crisp and fuzzy points (subsets). 
The fuzzy topological space (X, r) is as usual written as fts. 
DEFINITION 2.1. Let (X, 7) be an fts, Y a set of points, andf: X + Y a 
surjection. The F-quotient topology for Y is the fuzzy topology whose open 
fuzzy sets are {B: f -‘[B] E 5). Iff: X-r Y is an F-continuous surjection of 
X to Y and Y has the F-quotient topology U, then f: (X, 7) -+ (Y, U) is called 
an F-quotient map. 
In the subsequent sections, we have always assumed that the support of 
the fuzzy point p is x,,, unless stated otherwise. R and N as usual denote 
respectively the set of real numbers and the set of natural numbers. 
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3. SEPARATION PROPERTIES IN A FUZZY SPACE 
DEFINITION 3.1. An fts (X, r) is defined to be Hausdorff or F - T, if 
and only if the following conditions hold: 
Ifp, q are any two points in X, then (I) if xp # +there exist open sets V, 
and V,, such thatpE VP, q6? VP andqE V,,p& V4; 
(II) if xP = xq and ,u,(x,) < ,uJxJ, then there exists an open set VP 
such that p E V,, but q & VP. 
So if (X, t) is Hausdorff according to 151, then (I) follows immediately. 
EXAMPLE 3.1. Let (I,, (r E -4) be the usual interval base of the relative 
topology on [0, 1 ] induced by R. We define a fuzzy topology on [0, 1 ] 
generated by the base consisting of 4, X and 
where 
IZ,,,aE4/JE (0, ll}, 
P,,,(X) = P for all x E Z, 
=o otherwise. 
Then (X, r) is a Hausdorff fts, which is not discrete. 
DEFINITION 3.2. A set A is open if and only if for each point p E A, 
there exists an open set G, such that p E G c A. 
Clearly, the criterion of open sets given in [ 1, Theorem 2.11 is equivalent 
to this. 
DEFINITION 3.3. An fts (X, t) is F-T, if and only if singletons are 
closed. 
THEOREM 3.1. An F-T,-space is an F-T,-space. 
Proof. Let p be a fuzzy point in X. Then any point q E {p}’ belongs to 
an open set V, such that ,+,,(xJ >,u~~(x,). So V, c {p}‘. 
If, on the other hand, p is crisp, let x, E X - (x,} be arbitrary. If 
{qn , it E N} be a sequence of fuzzy points, where xq, = xq, for all n E N and 
the sequence {,u,,(x,), n E N} is decreasing and converges to zero, then there 
exists a sequence of open sets { Vplpq,, II E N}, such that p E Vpp, and qn & rp4” 
for all n E N, as (X, r) is Hausdorff. 
Therefore, if P = nnEN rPPPn, then P is a closed set, where 
PAX,) = 0 
FUZZY TOPOLOGICAL SPACES 387 
and 
PP@J = 1. 
So P’ is an open set contained in (p}’ and containing the crisp point q (and 
hence any fuzzy point with support x4). 
The definition of compactness given in [ 1 ] does not seem very natural in 
an fts, especially when it is Hausdorff, as is shown by the following 
proposition. 
PROPOSITION 3.1. No subset of a Hausdor- fts can be compact 
(countably compact). 
Proox Let A be a subset of the fts (X, r) such that pA(xA) > 0, for some 
xA E X. Choose a sequence { pn, n E N} of fuzzy points, each having support 
xA, such that p,,(x,) < ,uuA(xa), for all n and {iup,( n E NJ, is an increasing 
sequence which converges to pA(xA). 
Then from the Hausdorff property, there exists a sequence of open sets, 
I v.,-,, 3 n E NJ, wherep, E Vx, andp,, , @ vX, . 
This sequence together with the complement” of the crisp point at xA forms 
an open cover of A, which has no finite subcover. 
COROLLARY 3.1, Singletons in an F-T,-space are not compact 
(countably compact). 
We therefore define open cover of a set in a slightly different way, so that 
the compactness arising from this definition is more meaningful in our 
Hausdorff fts. 
DEFINITION 3.4. A collection U = {V,, a E /i, V, E r} is said to be a 
proper open cover of the set A in the fts (X, r) if and only if for each x E X, 
there exists Vax6Z U, such that ,uy,x(x) >,uUa(x), U is a countable (finite) 
proper open cover if /i is countable (finite). A subcollection U, of U is a 
proper open subcover of U if it is a proper open cover of A in its own right. 
Clearly, a proper cover of A is always a cover of A, but not conversely. 
DEFINITION 3.5. A set A is properly (countably) compact in the fts (X, t) 
if and only if every (countable) proper open cover of A has a proper open 
finite subcover. 
It can be seen that the crisp set (X, t) is l-compact in the sense of [5] if 
and only if it is properly compact. 
From the above definitions, we obtain 
PROPOSITION 3.2. Every singleton (hence a subset with finite support) in 
an fts is properly compact. 
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PROPOSITION 3.3. Let (X, r) be an fts and A a properly compact set in 
X. If f: (X, 7) + (Y, U) is an F-continuous subjection, then f [A] is a properly 
compact set in Y. 
THEOREM 3.2. A properly compact set in an F-T,-space is closed. 
ProoJ: Let A be a properly compact set in (X, 7) andp a point in X, such 
that 
Pu,(X,) >P.4(Xp). (1) 
Then, by the Hausdorff property, there exists VP E r such that 
&4(x,) <P&p) (2) 
and 
P&J a Pu-&J. (3) 
Therefore, to each point p satisfying (l), there corresponds a collection of 
open sets { VPq, xq E X}, such that 
PAX,) < ruv,w for all xq E X 
(if, however, pA(x4) = 1, then we must have 
P,4(Xq) = Pv,,(-%)) 
and 
for all q: xg E X. 
(4) 
(5) 
Hence 
=+-A c u Vp, *A = u V,,k as A is properly compact 
XqEX XQEX 
k=l,...,n 
*AC u Gk = FP say (so that Fp is closed) 
k=l,...,n 
=a PA (x,> G IuF,(XJ for all x, E X. (6) 
This is of course accompanied by 
(7) 
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Now taking into consideration all points p satisfying (l), we get the 
collection {F,, FL E t}, such that (6) and (7) hold. Then clearly 
pa(xq) = /$,,uFy(xs), for all xq E X by (6) and (7). Hence A = np Fp *A is 
closed. 
DEFINITION 3.6. (X, r) is a fuzzy P-space if the countable union of 
closed sets is closed. 
THEOREM 3.3. Fuzzy Lindelof sets in a Hausdorfl fuzzy P-space are 
closed. 
Proof. Proceeding as in Theorem 3.2, the open cover ( Vps,_x4 E X) will 
have a countable subcover { VPqn, n E N) and then Fp = lJnEN V,,. will be a 
closed set. 
The rest of the proof is exactly the same as in Theorem 3.2. 
As in Gillman and Jersion [6], we have the following corresponding 
theorem for fuzzy P-spaces. 
THEOREM 3.4. Properly compact sets in an F-T,, P-space have jkite 
supports. 
ProoJ: Let A be a set in the F-T,, P-space (X, r), having at least a coun- 
table support {x, ,..., x, ,... }. 
The set F, defined by 
PF,(X) = 1, x =x, )..., X,-l) x,+, )...) x, )... 
=o otherwise 
is closed by Theorem 3.1 and because (X, r) is a P-space. 
If now G, = F;, then {G,, n E N) is a proper open cover of A, which has 
no finite subcover. Hence the result follows. 
COROLLARY 3.2. Properly compact sets in a Hausdorff fuzzy P-space 
have finite supports. 
In ordinary topology, a closed subset of a compact (countably compact, 
Lindelof) set is compact (countably compact, Lindelof). The following 
example shows that such may not be the case in fts’s, whichever definition of 
open cover we may follow. 
EXAMPLE 3.2. Let X be an uncountable set of points and r the fuzzy 
topology generated by the base formed by 
4, X 1A,,aE [a,:] and {B,,xEX}, 
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where pA,(x) = a for all x E X and 
&f,(x) = a 
I 0 otherwise. 
Then X is (properly) compact, (properly) countable compact, and Lindelof. 
But the (proper) open cover {B,, x E X} of the closed set A L,4 has no coun- 
table (proper) open subcover. So A ,,4 is neither (properly) compact nor Lin- 
delof. 
Again, let X be partitioned into a countable number of subsets 
(X,, n E N}. Then {B,, n E N and B, = UxcX, B,} is a countable (proper) 
open cover of A,,, which has no (proper) finite subcover. So A,,, is not 
(properly) countably compact. 
We now consider some of the other separation properties of an fts and 
analyse the interrelations among them. 
DEFINITION 3.7. (X, ) g 1 ( r IS re u ar normal) if and only if for each point 
p E X (closed set K in X) and V E r, where p E V(K c I’) there exists G E r 
such thatpEGcGc V(KcGccc V). 
In the above, we have retained the definition of a normal fts given by 
Hutton in 171. 
DEFINITION 3.8. (X, r) is F-T, (F-T,) if and only if it is F-T, and 
regular (normal). 
So we get 
THEOREM 3.5. An F-TX-space is an F-T,-space. 
ProoJ Let p, q be two fuzzy points, where xP # xq and let w be a third 
fuzzy point, where x,. = xP and 
k&,> > 1 -P&J 
Then (w)’ is open and 
P,w,O) = 1 -&&> <P&p> for x =xP 
= 1 otherwise. 
Therefore q E (w)‘, but p 6E (w)‘. Now since (X, T) is regular, there exists 
V, E r such that 
qE v,c v,c (w}‘. 
Obviously then, p f2 v,. 
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Similarly, an open set V, can be determined such that p E VP and q & VP. 
The other cases can be similarly handled. 
THEOREM 3.6. An F-T,-space is an F-T,-space. 
The converse results (as usual) are not true in general. 
Remark. It can be easily seen that the fuzzy space of Example 3.1 is an 
F-T,-space. 
4. FUZZY SUBSPACES 
In this section we first define subspace topology on a subset of X, 
following [ 4 1. 
DEFINITION 4.1. Let A be a subset of the fts (X, r). The collection 
constitutes a fuzzy topology on A. Consequently, (A, r,) is called a fuzzy 
subspace of (X, t) and V, is an open subset of A in r,. 
Remark. The subspace topology defined for crisp subsets of X in [ 5j 
essentially agrees with this definition. 
DEFINITION 4.2. Let A be a subset of X. Then the set B, where fig(x) = 
P.l(X> - @A A Puy>(X>, f or some V E t and for all x E X, is called a closed 
subset of A in rA. 
Remark. It can be shown without much difficulty that closed subsets of 
A are not obtained from those of X, as they are in ordinary topology, which 
again is a variation of fuzzy topology from ordinary topology. 
DEFINITION 4.3. A property P in an fts (X, r) is said to be hereditary if 
it is satisfied by each subset of X. 
The following theorem shows that at least one of the separation properties 
is hereditary. 
THEOREM 4.1. F - T, is a hereditary property. 
ProoJ Let A be a fuzzy set in (X, r) and p a fuzzy point in A. Let (X, r) 
be F-T,. 
If w be the fuzzy point, where x, = xP and 
pa (x,) -P&J = 1 - PW(X,)~ 
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then 
so 
@A Alu,w,,)(x)= 1 -P&p> for x=x, 
=PA(x) otherwise. 
bA --iuA * a+,~,‘l(x) =o$(~,) for x =xP 
=o otherwise. 
Hence (p} is closed in rA. 
If, on the other hand, p is crisp and A is fuzzy (or crisp), then 
[PA --PA A &I,~](~) =&dx) for all x E X. 
This completes the proof. 
DEFINITION 4.4. The fts (X, r) is an F-k-space if and only if any subset 
A of X is open if and only if A n C is open in tc, for each compact set C in 
X. 
Christoph [2], however, has defined (X, r) to be an F-k-space if a fuzzy 
set A is closed if and only if A n C is closed in X, for each compact fuzzy 
set C in X. 
Theorems 4.2 and 4.4 of his paper depend for their proofs on the 
arguments that (i) if A is a fuzzy set and p a fuzzy point where p E A’ then 
p @A, and (ii) if A is closed, then no p E A’ can be such that every VE r 
where p E I’, satisfies the condition VnA # $. 
The following example shows that these arguments are generally not true. 
Example 4.1. We take a =i in Example II of Wong 191. Each fuzzy 
point with value ( ; belongs to A;,,, although it belongs to A,,, as well, 
which contradicts (i). 
Again, A,,, is a closed set. But each fuzzy point with value < 4 and > 4 
belongs to A’,,3 (and not to A,,,) and is such that every open set containing 
the point intersects A 1,3. This contradicts (ii). 
Remark. It is interesting to note in this connection that the converse 
result, namely, if A contains all its accumulation points, then it is closed, is 
not always true, which can be easily shown by examples. 
It is however observed that even with our changed definition of an F-k- 
space, Theorem 4.2 [2], is true, if we follow Christoph’s [2] definition of 
local compactness. 
THEOREM 4.2. Let (X, 7) be a locally compact fts and f: (X, t) -+ (Y, D) 
an F-quotient map. Then (Y, D) is an F-k-space. 
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Proof This is as in [3], for ordinary topology. However, we give a 
complete form of the proof as applied to fuzzy spaces. 
Let A be a subset of Y such that A n C is open in rc for each compact set 
C in Y. Since (X, r) is locally compact, there exists U E r such that U c V 
where I/ is compact in X. So f[ V] is compact in Y. 
3 A nf[ v] is open in rftVl 
=sAnf[V]=f[V]nG for some G E D. 
Therefore,f-‘[A]nf-‘(J[V]( =f-‘(f[V])nf-‘[Cl. Taking intersection 
with I/ on both sides, 
Unf-‘[A ] = unf-‘[G] as ~~fTf[~l) 
* unf-‘[A] is open in (X, 5). 
Now X= U (U, U E r and U c some compact set V of X) as (X, t) is 
locally compact. Therefore 
f-‘[A] = U (unf-‘[A], U E r and 
U c some compact set V of X) 
= open in X 
*A is open in (Y, D), as f is an F-quotient map. This completes the proof. 
COROLLARY 4.1 (Christoph [2]). A locally compact fts is an F-k-space. 
DEFINITION 4.5. An fts (X, z) is locally Lindelof if and only if each point 
in X has a Lindelof neighbourhood. 
DEFINITION 4.6. (X, r) is an F-+,-space if and only if a set V is open if 
and only if V n L is open in r, , for each Lindelof set L of X. 
Since F-continuous image of a Lindelof set is always Lindelof, a result 
analogous to Theorem 4.2 can be stated as follows. 
THEOREM 4.3. Let (X, r) be a locally Lindeloffls andf: (X, r) -+ (Y, U) 
an F-quotient map. Then (Y, U) is an F-o,-space. 
COROLLARY 4.2. A locally Lindelof fts is an F-o,-space. 
Corresponding to the properly compact sets in (X, r), a concept similar to 
F - k-space can be defined as follows: 
DEFINITION 4.7. An fts (X, r) is a properly F-k-space if a set A in it is 
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open if and only if A f7 C is open in z,-, for each properly compact set C in 
X. 
DEFINITION 4.8. (X, 5) is properly locally compact if each point in X has 
a properly compact neighbourhood. 
THEOREM 4.4. Let (X, 5) be a properly locally compact fts and f: 
(X, r) -+ (Y, U) an F-quotient map. Then (Y, U) is a properly F-k-space. 
ProoJ This follows from Proposition 3.3 and Theorem 4.2. 
COROLLARY 4.3. A properly locally compact fts is a properly F-k-space. 
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